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MHD flow of Cu-water Nanofluid over a 
Stretching Sheet with Second Order Slip 

Condition. 
Preeti Agarwala and R. Khare 

Abstract: The study of boundary layer flow over a stretching sheet is of considerable interest because of its ever increasing industrial 
applications and important bearings on several technological processes. Examples, glass-fiber production, aerodynamics, wire drawing, 
paper production, plastic sheets, metal sheets and many others.The boundary layer flow over a stretching sheet in presence of a magnetic 
field has been presented in this chapter under the velocity slip conditions. Similarity transformations are used to convert the partial 
differential equations corresponding to the momentum and energy equations into non-linear ordinary differential equations whose 
numerical solutions has been obtained using fourth order Runge-Kutta method with shooting techniques. It has been observed that the 
velocity decreases with increasing slip parameter as well as with the increasing magnetic parameter. Temperature increases with the 
increasing values of magnetic parameter.  

 Index terms: MHD; Nanofluid ; Runge Kutta Method; Stretching Sheet; velocity slip condition. 

——————————      —————————— 

1. Introduction 
The study of  laminar f low and heat  transfer  over  a stretching sheet  in a visc ous f luid is  of  considerable  
interest  because of  i ts ever  increasing industr ial  appl ications and important bearings on several  
technol ogical  processes.  such as paper pr oduction,  glass industr ies,  plastic  f ilms and polymer  
extrusion.  In this regard Crane (1) investigated the f low caused by the stretching of  a  sheet .  Chen and 
Char (2),  extended the work of  Crane by including the ef fect  of  heat  and mass transfer  analysi s under  
di f ferent physical  si tuations. .  Magyari  and Kel ler  (3) focused on heat  and mass transfer  on boundar y  
layer  f low due to an ex ponential ly continuous stretching  sheet .  Elbashbeshy (4) studied the  f low past  
an exponential ly stretching surface.  Vajravelu and Cannon (5) investigated the fluid flow over a nonlinear stretching 
sheet.  Bidin and Nazar (6) studied the ef fect  of  thermal  radiation on the steady laminar two-dimensi onal  
boundary layer  f low and heat  transfer  over  an exponential ly stretching sheet .   
Al l  the above mentioned studies continued their  discussions by assuming the no sl ip boundary  
conditions.  But i t  has been found that  sl i p condition is a  common phenomenon and i t  occurs almost i n  
every f low therefore in our work we have str essed on sl ip c onditi on.  I t  has al so been observed tha t  
many studies are avai lable on sl ip condition of  the f low. Sahoo and Poncet  (7) addressed the f low of  
third grade f luid past  an ex ponential ly stretching sheet  with partial  sl ip boundary condition.  Recently,  
Mukhopadhyay and Gorla (8) analyzed the  ef fects of  partial  sl ip on  f low past  an  exponential ly  
stretching sheet .  Sharma and Ishak, (9) studied the second order slip flow of Cu-Water nanofluid over a stretching sheet 
with heat transfer, 
I t  appear s that  no attempt has been made to analyze the ef fects of  second order  sl ip c ondition on MHD  
f low of  Cu-water  nanof luid over  a  stretching sheet  so i t  i s c onsidered in thi s paper.  Using  si milari ty 
transfor mations,  a  third order  ordinary  di f ferential  equation corresponding  to the  momentum equation  
and a sec ond or der  di f ferential  equation corresponding to the heat  equation  are derived.  Using  
shooting method numerical  calculations up to desired level  of  accuracy were carried out for  di fferent 
values of  dimensionless parameter s of  the pr oblem under considerati on for  the pur pose of  i l lustrating 
the results  graphical ly.  The  analysis  of  the r esult s obtained shows that  the f low f ield is inf luenced 
appreciably by the sl ip parameter  in the presence of  magnetic  f ield.  Esti mation of  skin f r ict ion which i s  
very i mportant  f rom the  industr ial  appl ication point  of  view i s al so presented in thi s ana lysis.  I t  i s  
hoped that  the result s obtained wil l  not  only provide  useful  informati on for  appl ications,  but  also ser ve  
as a complement to the previous studies.  
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2. Formulation and Solution of the Problem 
. 
We consider  a steady two-di mensional  laminar boundary layer  f low of  nanof luids over  a stretc hing 
sheet  with a l inear  veloci ty u w (x) =  cx ,  where c  >  0  is a  constant and x  i s the c oor dinate measur ed along 
the stretching  surface and the f low takes place at  y > 0,  where y i s the c oordinate measured normal  to  
the stretching  rate.  Two equal  and opposi te for ces are appl ied along the x-axis so that  the sheet  is 
stretched keeping the origin f ixed.  The f luid is electr ically conducting under the  inf luence of  an appl ied 
magnetic  f ield B 0 (x) normal  to the  stretching surface.   I t  i s assumed that  the base f luid and the 
nanopartic les are in thermal  equi l ibrium. The thermophysical  pr operties of  the base f luid water  and 
nanopartic le of  Cu are given in Table 1.  
 

Table 1:  Thermophysical properties of base fluid water and Cu nano particle. 

Physical properties Water (H2O) Copper (Cu) 

( )3mkgρ  997.1 8933 

( )κρ kgJC  4179 386 

( )κmwK  0.613 400 

 
 
Under the usual  boundary layer  approxi mations,  the  continuity,  momentum and 
energy equations for  nanof luids  in Cartesian c oordinates x  and y can be wri tten as:  
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Subjected  to  the  boundary  conditions:  

    u= u w + Usl ip   ,  v=0,    T= T w  = 
2
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where ,  
 
u and v are the vel oci ty components in the x  and y directions respectively.  

=T  Temperature of  the nanof luid 
=∞T  Temperature of  the nanof luid far  away f rom the sheet .  
=0B   The unifor m magnetic  f ield strength.  

σ  =   Electr ical  conductivi ty of  base f luid.  

fηµ = Dynamic vi scosi ty of  the nanof luid.  
=fηρ  Densi ty of  the nanof luid.  
=fηα  Ther mal  di f fusivi ty of  the nanof luid.  

 
U s l i p =   Second or der  vel oci ty sl i p.  
 

For  the nanof luids K n f  i s the ther mal  conductivi ty and (ρC p ) n f  i s the heat  capaci ty,  which are given by  
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The ef fective densi ty of  the nanof luid is gi ven by  
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3. Solution of the Problem: 

To si mpli fy the mathematical  analysis of  our study we introduce the fol lowing  similari ty  
transfor mations 

( ) ( ) ( ) 2/1, cvxfyx fηψ =

               
( )η'fxcu =                                       

 
( )( ) 2/1cvfv fη−=

                       
( ) 2/1/ fvcy=η
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Where ( )yx,ψ  i s the stream function with  

 ( )ηθ  =  dimensionless temperature.  

( )ηf = dimensi onless vel oci ty  

Where pri mes denote di f ferentiation with respect  to the si milari ty variable η.  

Making use  of  equation  (9) , the c ontinuity eq uation  i s automatical ly sa tisf ied and equations (2) , (3)  
under boundary conditions (4) bec omes 
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Subject  to the fol lowing boundary conditions   

0)0( =f  

( ) ( )001)0(' fff ′′′+′′+= δγ               1)0( =θ  

0)( →∞′f                                    0)( →∞θ                           (12)  

Where ,  

( ) 0/ 2/1 >= fvcAγ
  i s the f i rst  order  veloci ty sl ip parameter  

( ) 0/ <= fvcBδ
  i s the sec ond order  veloci ty sl ip parameter  

f

f

k
µ

=Pr
               i s  Prandtl  number.  

The physical  quanti t ies of  interest  in  this  pr oblem are the l ocal  skin f r ict ion coef f ic ient Cf  and the  
Nussel t  number Nux,  which are def ined as 
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Where ,  

wτ  i s the surface shear  stress and wq i s the surface heat  f lux ,which are given by 
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Using the si milari ty variable (9) ,we obtain  
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fwx vxu /Re =   i s the local  Reynolds number.  

The non l inear  boundary value problem represented by equations (10) and (11) i s solved numerical ly  
using the fourth order  Runge–Kutta method with shooting technique.  The numerical  sol utions are  
obtained for  several  values of  the governing parameter s,  l ike nanopartic le sol id volume f raction 
parameter ,  magnetic  f ield parameter ,  veloci ty  sl ip parameter .  In the present work,  the default  values 
have been taken as:Pr= 6.2 (water),  φ = 0.1 ,ϒ=0 .5 and δ = -0 .5 .  

 

4. RESULT AND DISCUSSION: 

In the present work  a systematic  study  of parameters which influence the  MHD flow  of Cu-water nanofluid over a stretching 
sheet with second order slip condition such as magnetic parameter  nanoparticle concentration, temperature, first and second 
order slip parameters, has been carried out and the results are shown in Figs. 1-7. 

Fig.(1): Shows the influence of magnetic field parameter M on the velocity profile f‘(η).As the value of magnetic parameter M 
increases ,the retarding force increases and consequently the velocity decreases. 

Fig.(2):   Displays the effect of volume fraction on the dimensionless temperature profile of copper water   nanofluid under the 
influence of magnetic field . Here, it is noted that as volume fraction increases magnitude of dimensionless temperature also 
increases i,e the volume fraction is directly proportional to the dimensionless temperature . 

Fig.(3):  Exhibits the effect of Shear stress distribution for various value of M when γ=0.5 ,here it is observed that the magnitude 
of the wall of shear stress given by (1/(1-Ф)2.5)f "(0) decreases  when the value of magnetic parameter M increases. 

 Fig.(4):   It illustrates  the effect of Velocity distribution for various value of magnetic parameter M   when first order slip 
parameter ϒ= 0.5. It is clearly depicts from the fig  that velocity reduces with increase in magnetic  parameter value. 

.Fig.(5):  Here the effect of  first order slip parameter  γ on  velocity  distribution under the influence of magnetic field studied 
and it is observed that  velocity decreases with increasing value  of first order slip condition.  

Fig.(6):  Displays the effect  of second oder slip parameter  δ on the  velocity distribution under the influence of magnetic 
parameter .It reveals that  increasing value of |δ| decreases  the magnitude of   velocity. 

Fig.(7 ):  I t may be observed from the figure that the magnitude of the wall shear stress  (1/(1-Ф)2.5)f "(0) decreases with 
increasing value of |δ| for the fixed value of magnetic parameter. 
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5. CONCLUSIONS 
In the present work, the MHD boundary layer flow  of Cu-water nanofluid over a stretching sheet with second order slip 
condition has been analyzed. The governing non linear partial differential equations are transformed to ordinary differential 
equations using similarity transformation and solved numerically using Runge-Kutta method with shooting technique.The 
results show that any increase of volume fraction of nanoparticle under the influence of magnetic parameter increased the 
dimensionless temperature.  Dimensionless velocity decreases with increasing value of magnetic field. It is also found that first 
order slip parameter and second order slip parameter reduces the magnitude of  skin friction   under the influence of magnetic 
field. 
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